Abstract: This research investigates the nonlinear behavior and stability of an elastic suspended cable system under combined parametric and external excitations, with an approach of higher accuracy and reliability. Geometric nonlinearity of the cable and its in-plane and out-ofplane vibrations are considered. Multiple solutions of the system are found existing, corresponding to a single frequency of external excitation. The nonlinear stability of the cable system is investigated with focus on the influence of different system parameters. With the newly developed Periodicity-Ratio (P-R) method, the influences of different external excitations on the nonlinear vibrations of the cable system are examined, and a periodic-nonperiodicchaotic region diagram is created for quantitatively and graphically identifying the stability and nonlinear behavior of the system.
such as that of bridges. In the past decades, nonlinear behaviors of such cables have attracted great attention from numerous researchers and engineers. Among the research works in the literature, the studies on the suspended elastic cables are commonly seen in the field. Perkins [1] derived a theoretical model to describe the nonlinear response of an elastic suspended cable. The first order perturbation method was applied to study the stability and experiments results were compared to verify the accuracy of the research. Luongo [2] and his coworkers studied the planar nonlinear free vibrations of an elastic suspended cable. They discussed the suitable values of cable properties to account for the nonlinear kinematical relations of the cable. Zhao et al [3] analyzed the nonlinear behavior of an elastic cable subjected to a harmonic excitation, by using Garlerkin's method and the method of multiple scales. The coupled dynamic features between the in-plane and outof-plane vibrations were analyzed. Arafat and Nayfeh [4] studied the nonlinear response of a suspended cable with respect to primary resonance excitations. They applied the multi scale method directly to the nonlinear integral partial differential equations of the system for studying the influence of the retained terms. Benedettini et al [5] derived a four-degree-of-freedom mode for a suspended cable. They studied the possible steady state solutions such as unimodal and multimodal solutions and analyzed the linearized stability of the cable. Taking the geometric nonlinearity and the assumption of quasi-static into consideration, Wang and Zhao [6] studied the nonlinear characteristics suspended cables under three-to-one internal resonance.
The nonlinear characteristics of inclined cables also attracted attentions from the researchers in the field. Chen and Xu [7] studied the bifurcations and chaos of an inclined cable. Averaging method was applied to study the primary resonance and 1:1 internal resonance. Global dynamics of a cable was investigated by Zhang and Tang [8] . They analyzed the chaotic motions of the cable through numerical simulations. Perturbation method was also found as a useful tool in analyzing the stability of the cable systems and their nonlinear behaviors. [9] [10] [11] Cable-beam coupled models are seen in investigating various types of cables in the real world particularly in studying nonlinear the behavior of bridge structures. Gattulli and Lepidi [12] proposed an analytical model to study the nonlinear interactions between a beam and cable by a 2D discrete model. In the one-to-two global-local and twoto-one global-local resonances, a novel mechanism is developed and the well-known parametric-induced cable oscillation in stayed-systems is correctly interpreted. And in 2005, they studied and verified the results by experimental and finite element methods [13] . Fujino and the others [14] investigated the auto-parametric resonance of a cablestayed-beam with an experimental and analytical approach. In their research, a 3-DOF analytical model of the structure was derived, with consideration of the cable introduces geometric nonlinearities in quadratic and cubic forms. In 2006, Xia et al [15] studied the auto-parametric vibration of a cable-stayed-beam structure subjected to a random excitation. Similar studies are also found in the field on the coupled string-beam systems [16] [17] [18] . Based on the literature available to the authors, however, stabilities of nonlinear cables are not studies with the cable-beam models.
As discussed above, nonlinear vibration of cables is an interesting research area to engineers and researchers especially for the cables used in bridges. Thought the suspended cables subjected to parametric and external excitations are extensively studies for their nonlinear characteristics, however, very few studies are found in the literature investigating the stability of the cables especially the suspended cable system considered in this research. In the present research, a suspended cable system subjected to parametric and external excitations with a vibrating support at one end and a fixed support at the other end is to be studied. This study intends to reveal the nonlinear behavior and stability of the cable system with an approach of higher accuracy and reliability in comparing with the existing research works found in the literature. One may notice from the existing research works in this area that the nonlinear behavior investigations for suspended cables mainly focused on the systems of fixed system parameters and operation conditions. In engineering designs for the nonlinear cables in the real world, however, relatively large ranges of parameters and excitations actually need to be taken into consideration in practice. With the implementation of a newly developed Periodicity-Ratio (P-R) method, the nonlinear behavior of the suspended cable with considerations of large ranges of system parameters is graphically revealed in this research. The results of this research may therefore provide a useful guidance for designing and analyzing the stability and behaviors of the nonlinear suspended cables used in various engineering fields.
Cable System Model Development
The attention of this research focuses on the vibration of an elastic cable of length L between a fixed support and a vibrating support excited by the prescribed oscillations F (t) =F cos Ω 0 t in the tangential direction of the equilibrium cable as shown in Figure 1 . In this research, the vibration of in-plane and out-of-plane mode is considered. The formulation of this cable system can be given by the following governing equations of non-dimensional form:
where x and y represent the displacements of in-plane and out-of-plane modes respectively with respected to time t, and ω x and ωy indicate the natural frequencies of the cable in the in-plane and out-of-plane modes. It should be noticed that the frequencies are related to the geometric and material properties of the cable. In the equations, c x and cy are the damping coefficients of the in-plane and out-of-plane modes; α 1 , α 2 α 3 β 1 β 2 and β 3 are the nonlinear coefficients relating to the properties of the cable; ε is a small dimensionless parameter, and Ω is related to the frequency of the excitation with the relationship Ω = Ω 0 L g , F 1 , f 1 , f 2 are related to the amplitude of the external excitations and the properties of the cable system. All the definitions and details of above coefficients can be found in Appendix A.
Solution Development by Perturbation Method of Higher Accuracy
The multiple scale perturbation method is employed to develop a second-order approximate solutions for the governing equations shown in Eqs. 1 and 2, with the assumptions:
(4) where T n = ε n t (n = 0, 1, 2 . . .). The time derivations are in the following form:
where D n = ∂ ∂Tn , In terms of stability of the cable system considered, the worst scenario is the vibration at resonance, which can be the resonances of both the in-plane and out-of-plane modes. In this research, the responses of the cable system of 1:1 internal resonance and 1/2 sub-harmonic resonance together with the responses at the vicinities of the two resonances are considered. As such, the following relationships are assumed.
Let ω = 1 2 Ω , substitute Eqs. 5 and 6 into Eqs. 3 and 4; and then equate the coefficients of the same power of ε on both sides, one may obtain:
Order ε 0 :
Order ε 1 :
Order ε 2 :
The general solution of the partial differential equations Eqs. 7-8 can be expressed as:
where A 1 and A 2 are complex functions in T 1 and T 2 and cc is the corresponding complex conjugate term. Substituting Eqs. 13-14 into Eqs. 9-10 and eliminating the secular terms, the bounded first-order approximate expressions yield:
From the elimination of the secular terms, one may have 
where NST and cc represent the non-secular and the complex conjugate terms respectively. Eliminating the secular terms from Eqs. 16 and 17, one may obtain:
The 
For the steady-state solutions, one may have to have the conditions of a = b = θ 1 = θ 2 = 0. When these conditions are satisfied, Eqs. 20-23 can be rewritten as: 
Case 3: a ≠ 0, b ≠ 0, squaring the equations similar to that of case 1 and case 2 above, the following frequency response can be obtained:
where τ 1 , τ 2 τ 3 , τ 4 , τ 5 , and τ 6 are expressed in Appendix C.
Stability Analysis

Stability of trivial solutions
For the sake of stability analysis, trivial solutions of the system are firstly considered, and the equations shown in Eqs. 18 and 19 are linearized. Introduce the following expresses A 1 = x 1 + iy 1 ; and A 2 = x 2 + iy 2 , where x 1,2 and y 1,2 are real functions with respect to T 2 . Separating the real and imaginary parts of the expressions, the governing equations Eqs. 18 and 19 can be rewritten as
The stability of a particular fixed point along the cable for the above autonomous ordinary differential equations can then be investigated as per the eigenvalues of the following equation:
The eigenvalues of the equation can be expressed as:
The system is considered as stable if the eigenvalues have negative real parts, otherwise it is unstable. As can be seen from the above expressions, the stability of the cable system is related to the values of the coefficients f 1 f 2 cx cy σ 1 σ 2 , and ω. With the fixed values of these coefficients, if the eigenvalue λ have a negative real part, the system is stable, otherwise it is unstable.
Stability of non-trivial solutions
To study the stability of the non-trivial solutions of the system, the steady-state solutions can be linearized as: 
The necessary and sufficient condition of the system to be stable is determined by the real part of the Jacobian matrix of the right side of the Eqs. 38-41. The stability of the cable system may thus be analyzed numerically.
Parametrical Effects on the Stability of the Cable System
With the non-trivial solutions developed in the previous section, the stability analyses for the cable system considered can be numerically conducted. In this research, MatLab 2013 is implemented for performing the calculations involved in the stability analysis for the cable system. As mentioned previously, the worst scenario of the cable's vibratory responses is at the resonances of the system. The focus of the research is therefore on the responses of the cable system at the resonances and at the vicinities of the resonances. Various system parameters and external excitations are considered and the responses of the cable system are plotted in frequency-response curves, to demonstrate the stabilities of the system. The detuning parameters σ 1 and σ 2 are the parameters controlling the vibration frequencies of the system at the vicinities of the frequencies of the resonances. The effects of detuning parameters on the vibration amplitudes of the system are hence studied specifically. Stability areas are determined and the effects of different parameters on the vibrations are investigated, corresponding to the detuning parameters. For the non-trivial cases, Figure 2 shows the frequency-response curves of the solutions for the two modes where multi-values can be found from the Figures. Figure 2c and 2b show the influence of ω on vibratory responses of in-plane and out-of-plane modes respectively. As seen from the figures, the vibration amplitude decreases and the two branches of solutions converge to each other as the decrease of the natural frequency. Figure 3 shows the influence of the different parameters, β 1 β 4 f 1 and f 2 , on the frequency-response curves. Figure 3a illustrates the effect of β 4 on in-plane mode. With the increase of β 4 , both the vibration amplitude and the region of unstable responses of the cable increase. The region of multi-value solutions is increased as well. Figure 3b exhibits the influence of β 1 which is a cubic term in the governing equation. As β 1 increases, the vibration amplitude of out-of-plane mode increases significantly and the unstable region increases as well. Figures 3c and 3d show the influences of f 1 and f 2 which are related to the amplitude of the external excitation. From the figures, it can be seen that the amplitude of out-of-plane mode is proportional to f 1 . The amplitude of in-plane mode increases with the increase of f 2 .
Analysis and Characterization of the Cable's Nonlinear Responses
Stability of the cable system is closely related to the nonlinear responses of the system. It is therefore necessary to analyze the nonlinear dynamic responses of the system. The cable system considered in this research is nonlinear as expressed in the governing Equations 1 and 2. For such nonlinear cable system with the boundaries as shown in Figure 1 , several authors reported their analyses for the nonlinear behavior of the cable [7] [8] . However, all the analyses were for a given system with unique system parameters and conditions. For engineering design practices, nevertheless, a range of system parameters is commonly demanded. In order to fulfill the demands, in this research, a single value index, named the Periodicity-Ratio (P-R), is implemented for characterizing the nonlinear behaviors of the cable system.
P-R Method
The Periodicity Ratio (P-R) method was first introduced by Dai and Singh in their study of nonlinear dynamic systems for diagnosing periodic, quasi-periodic and chaotic responses of the systems [19] [20] . The P-R method considers the geometry of Poincare maps. Based on Poincare maps, the nonlinear dynamic behavior can be characterized by single value index, the P-R value, defined by the following expression.
where NOP denotes the number of overlapping periodic points and n is the total number of points in the Poincare map, and NOP can be defined as:
where ζ (k) indicates the number of points overlapping with the kth visible point in the Poincare map, and X kl , X kl and P can be defined as:
As pointed out in [19] [20] [21] , the P-R value γ can be used as a criterion to characterize the nonlinear behaviors of a nonlinear dynamic system. If a system is periodic, all the points in the corresponding Poincare map must be overlapping periodic points, i.e., the P-R value γ equals to one. The system will be quasi-periodic or chaotic if γ equals to 0. The P-R value is therefore an index quantifies the periodicity of a nonlinear dynamic system. Based on the P-R method, the nonlinear behavior such as periodicity, quasiperiodicity, chaos and other nonlinear behavior of a nonlinear system can be easily diagnosed.
Nonlinear Behavior and Characterization of the Cable System
The cable system considered is analyzed numerically with utilization of the fourth-order Runge-Kutta method. The responses of the cable system are complex as per the nu-merical analyses. Typical nonlinear behaviors such as periodic, quasi-periodic and chaotic responses of the system are found and illustrated in Figure 4 and Figure 5 . As indicated previously, different P-R values representing different dynamic behaviors of the system under different system parameters, i.e., different P-R values represent different levels of periodicity of the system. The two figures in Figure 4a show the phase diagrams of in-plane mode and out-of-plane mode respectively, where the P-R value equals to 1 corresponding to the system parameters of Ω =4.77, and F 1 = 30.1, and the values of coefficients cx = cy = 0.32, ω x = ωy = 2.38. From the Poincare maps shown in Figure 4b , one may conclude that the motion of the system in this case is indeed periodic, which agrees with the P-R value obtained. Figures 4c-4f show the phase diagrams and Poincare maps of in-plane and out-of-plane mode for the cases of which the P-R values equal to 0. As can be seen from the figures, the responses of the system are quasiperiodic and chaotic for these two cases. The figures also show the correctness of the diagnosis with employment of the P-R method. Based on the numerical simulations, the nonlinear system is sensitive to the variations of the system parameters. With a slight change on Ω and F 1 , e.g., the response of the system may shift from periodic to non-periodic. This is shown in figures of Figure 5 . One may also notice the P-R values for these cases are 0.47 and 0.26 in in-plane and out-of-plane mode respectively, which indicate the nonlinear behaviors in between perfect periodic and chaotic cases of the system. In other words, the system in this case has some periodicities but far from perfect periodic. With the periodicities involved, the cases are not perfect chaotic either. As shown in the figures, indeed, the system show some regularities in the Poincare maps but slightly changing for each of the cycles.
In diagnosing the nonlinear behaviors of the system, the P-R method shows accuracy and reliability. The method utilizing a single value index namely the P-R value therefore can be employed to diagnose the nonlinear behavior of a dynamic system with consideration of a large range of system parameters. To study the influence of the amplitude and frequency of the excitation applied on the system, for example, a periodic-nonperiodic-chaotic region diagram generated by utilizing the P-R method as shown in Figure 6 can be practically useful.
The system parameters considered in plotting the diagram are Ω and F 1 respectively, as shown in Figure 6 . In the region diagram, each of the point in the diagram represents a type of responses of the system, diagnosed as per the P-R method. The blue points in the diagram indicate the periodic motion of the system; the black points represent the irregular motion where P-R values are in between 0 and 1; and the red points indicate the chaotic responses of the system. Take the 1/2 sub-harmonic resonance case for the in-plane mode with ω x = 2.38 as an example, it can be seen from the periodic-nonperiodic-chaotic region diagram, the dynamic behavior of the in-plane mode is related to both amplitude and frequency of the excitation. With a small excitation, the vibration is periodic near the 2ω x. As can be seen from the diagram, one may conclude that the chaotic motion can be easily found when the external excitation becomes large.
In performing the computations for generating the diagram shown in Figure 6 , it is found that the periodic cases showing in Figure 6 are stable and quickly enter to stable state in comparing with the other cases. In comparison with the previous stability analysis based on the perturbation method, which is actually an approximate method, most of the stable cases are falling in the periodic areas of the periodic-nonperiodic-chaotic region diagram shown in Figure 6 . Moreover, the ranges of system parameters covered in Figure 6 are much larger than that considered in Sections 4 and 5, yet even larger ranges can be considered if so desired.
One may notice that similar diagrams as that shown in Figure 6 can be easily generated for the other system parameters by implementing the P-R method, if so wish. Obviously, such diagrams are practically sound. If chaotic vibrations of a cable need to be avoided, for example, one should try to evade the system parameters associated with the chaotic areas in Figure 6 .
Conclusion and Discussion
The stability and nonlinear responses of elastic cables are big concerns in engineering design and operations for structures involving cables. In this research, a suspended nonlinear cable system subjected to parametric and external excitations with a vibrating support at one end and a fixed support at the other end is studied for its nonlinear stability and behavior. The stability of the system is analyzed and the conditions for stable responses of the system are determined. For the sake of engineering applications, the stability and nonlinear behaviors of the system are studied with the considerations of a large range of system parameters. The nonlinear behaviors of the system are also characterized by employing the Periodicity-Ratio (P-R) method, which allows nonlinear behavior characterization for large ranges of system parameters. Based on the results obtained in the research, the following can be concluded.
1.
The amplitudes of the system of the in-plane and outof-plane mode vibrations increase monotonically with the increase of the magnitudes of external excitations expressed by f 1 and f 2 . 2.
The vibration of the cable increases with the increase of the natural frequency ω x and ωy of the cable system.
3.
As the cubic coefficients β 4 and β 1 increases, the system has the tendency to change from softeningnonlinear to hardening-nonlinear.
4.
The P-R method shows effectiveness in diagnosing the nonlinear characteristics of the cable system, and the results generated by the P-R method agree with the conclusions obtained as per the perturbation method of higher accuracy, but provides much larger ranges of coverage of system parameters.
5.
A periodic-nonperiodic-chaotic region diagram can be created by the P-R method. From the diagram, the periodic or stable areas together with the chaotic and the other areas corresponding to the system parameters can be graphically identified. Specifically, with the availability of the diagram, periodic motions can be found appearing at the vicinity of the 1/2 subharmonic resonance, under the excitation of small magnitude. With the increase of amplitude of the excitation force, the system may lead to chaotic motion as per the diagram created. The availability of such diagram is practically sound but not seen in the field. Certain parameters of a cable system may lead to instability and chaos, which may cause collapse of the system and should be avoided in the design and operation of the system. The approach demonstrated in this research provides guidance to identify the parameters and quantitatively analyze the nonlinear stability and behaviors of the cable systems widely used in engineering practice.
